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1 Intr oduction

Many of the performanceequirement®f the SIM missioncanbe summarizedn a o—t plot, in which the allowable
error o is expressedasa function of the averagingtime 1. It hasbeensuggestedhat the Allan variancecr,ﬁ is the

appropriatequantity for theseplots; thatis, the Allan deviation o(t) = ,/cﬁ(r) is a good estimatorof the error
in an averagedmeasuremerf the noise-equialentpathlengthx. Indeedthat statisticaltool—which wasoriginally
developedto characterizehe frequeng stability of clocks—canbe appliedto the type of datageneratedn SIM
researctandmeasurementd.he purposeof this noteis to definethe particularform of Allan variancethatwe useas
ametricfor characterizingperformancef the Metgaugeexperiments.

2 Time-domaindefinition

For concreteness;onsiderthe outputof an experimentthat generates datastreamrepresenting displacemenk
(suchasaninterferometricallymeasuregbathlengthjasa functionof time. Denotethek’th averageof x over duration
T by X¢. Assumethatthe datain handis of durationseveral T, so a seriesof adjaceninon-overlappingaveragesan
bedefined,asin Figurel. We areinterestedn estimatingo, the expectederrorin x whenaveragedovertime 1. The
following definition([CL90], [LA84], [Ega8], [Spe99, [PKKI1]) of Allan varianceapplies
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Thatis, the Allan varianceis onehalf of the mean-squaref the differencesf successie averagesFor comparison,
theeverydayvarianceof the t-durationmeanis
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wherexX is the averageover the whole dataset. In the SIM mission, stability betweenadjacentaveriging periods
(Equationl) is usuallymorerelevantthanthe stability with respecto a globalmean(Equation2); thereforewe adopt
theformerasthe metricfor estimatingerrorsin the metrologygauge.

TheAllan deviationis definedasthe squareroot of the Allan variance.

3 Variations and data example

Notethatsomeauthors([Wal94], [Gre97]) assuméhatthe raw datais phaseerror, andthatthe quantityof interestis
frequeng error Thisintroducesa “seconddifference”complicationto thecomputatiorthatis relevantto theproblem
of inferring the frequeny stability of clocksfrom measurementsf phasestability, but is irrelevantto our purposes.
In particular it removestheerrorfrom a constanslope,which s oftenthe quantityof interestwherethermallydriven
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Figurel: Averagingof inputdataover successietime intenalst. In thisillustrationthenoiseis normallydistributed
(“white”) andthe averagingintenal is T = 5 samplepoints.Thehorizontalstepheightsstepscorrespondo the X, of
Equationl.

drifts areimportant. The comparisorof the correctAllan deviation andthe phase-basetSecondDifference”Allan

deviationin Figure3 shawvsthatthe secondlifferenceformulationunderestimatethe errorat large averagingtime.
Anothertwist is the introductionof the Modified Allan variance jn which the straightforvard averagef Equa-

tion 1 arereplacedby an averageof sliding averages([LA84]). The purposeof this modificationis to male the

inferenceof Paver SpectralDensity (PSD)from Allan variancemore precise. However this inversionprocesss at

bestapproximateandsincewe alwayshave the PSDavailabledirectly thereseemdittle benefitto usingthe Modified

Allan variance ([LA84] evenadvisesagainstthe useof Mod 0%, basecbn ananalysisof its statisticalproperties.)
The Allan varianceandits friendscanalsobe computedstartingwith the PSD.In general,
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whereS(f) is the PSDof thetime-seriesg standdor thethreetypesof variance andthe form of theweightingfactor
h?(f) determinesvhich o is calculated.The weightingfactorsfor varianceandAllan variancearegivenin Table1.
For referencetheweightingfactorfor the Modified Allan variances
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wherethereare n sliding averagesegmentsper averagingtime 1. This reducesto the form in the secondrow of
Tablel whenn = 1. A comparisorof thesemethodsappliedto the samedatasetis shavn in Figure3. Evidently the
PSD-basedalculationdbecomeanaccuratdor largeTt.
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Metric Time domainweighting h?(f) Reference
. . i 2
Variance o Fig.2a 2 (%) [Pap77],eq.10-34
. 2
Allan Variance On Fig. 2b 2 () [PKK91]
Modified Allan Variance Modop Fig. 2c Equation4 [LA84]

Tablel: Weightingfactorsin time- andfrequeng-domainfor computatiorof variance Allan variance andModified
Allan variance.

Figure2: Schematiof thealgorithmfor calculatingvariance(a), Allan variancgb), andModified Allan varianceg(c).
Thehorizontalbarsareeachof durationequalto the averagingtime t; the staggeregequencef barsin ¢ is meantto
indicatea sequencef sliding averagesafter[LA84].



Comparison of variances and calculation methods

Data set: thorpd_1.dat; 50,000 sec at 10 Hz; 100 kHz beat averaged on-board
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Figure3: Comparisorof differentmethodf calculatingvarioustypesof variancepasecnacommon50,000-second
datasetfrom a benchtopbeamlaunchereferencesignal.
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